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ABSTRACT: We study giant magnons in the the D1-D5 system from both the boundary CFT
and as classical solutions of the string sigma model in AdSs x S3 x T*. Re-examining earlier
studies of the symmetric product conformal field theory we argue that giant magnons in the
symmetric product are BPS states in a centrally extended SU(1]1) x SU(1|1) superalgebra
with two more additional central charges. The magnons carry these additional central
charges locally but globally they vanish. Using a spin chain description of these magnons
and the extended superalgebra we show that these magnons obey a dispersion relation
which is periodic in momentum. We then identify these states on the string theory side
and show that here too they are BPS in the same centrally extended algebra and obey the
same dispersion relation which is periodic in momentum. This dispersion relation arises as
the BPS condition for the extended algebra and is similar to that of magnons in N' = 4
Yang-Mills
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1. Introduction

The duality between N = 4 Yang-Mills and string theory on AdSs x S® is by far the most
well studied example of the Maldacena correspondence [, fl]. Another well studied and
interesting example of the correspondence is the case of the duality between type IIB string
theory on AdSs x S x T* and the A = (4,4) superconformal field theory on a resolution
of the symmetric product [fl, §, ]

M=TN/S(N). (1.1)

AdS3 x S2 x T* arises as a near horizon limit of the system of @; DIl-branes and Qs
D5-branes wrapped on 7%, then N in (L) is given by Q1Q5. The duality sates that the
spectrum of operators in the ' = (4, 4) superconformal field theory on M should be the
same as the spectrum of type IIB string states in AdS3 x S% x T*. Operators which have
large charges in the CFT should be dual to classical string configurations [H].

In this paper we consider operators with large J charges, here J = J3 + J3 the sum
of the left and right SU(2) R-charges of the N' = (4,4) conformal field theory. We study
states with finite A — .J, where A = Lg + Lg the left and right conformal weights of the
operators. Operators with A — J = 0 are chiral primaries which are the ground states of



the Z; twisted sector with J3 charges (%, %) We can then consider finite number of

excitations of the following form on the chiral primary

P17 p1

Ty o - Ty [0) @ 0), (1.2)

the vacuum in ([.2) denotes the Z; twisted sector. J,, are operators which lower the left J 3
quantum number and carry momentum p in the Z; twisted sector, under the action of an
element of Z;, J,; |0) picks up a phase proportional to integer multiples of p. We can there-
fore think of the insertions of J," as magnons or impurities that move with momentum p

States of the form given in (|l.2)) were studied earlier in the limit of small momentum
p and in first order in the Zg blow up mode [§—f]. The dispersion relation of a single

magnon was shown to be

p2

1 2
A= T =1+ 55N (QQs)

where ) is the coupling of the relevant Zy blow up mode in the symmetric product. In this

(1.3)

paper we are interested in studying the magnons in the “giant magnon” limit given by

J — o0, A = \2(Q1Q5) = fixed, (1.4)
p = fixed, A — J = fixed.

This differs from the plane wave limit [[J] where ) is infinite and it is n = pJ which is kept
fixed.

Examining earlier studies of the magnons within perturbation theory in A and the plane
wave limit we argue that the magnons are BPS states in a centrally extended SU(1|1) x
SU(1]1) superalgebra, the extended algebra has 2 more additional central charges. The
centrally extended algebra can be written as a N' = 2 Poincaré superalgebra in 3-dimensions
with a single central charge. The remaining central charges play the role of the 3-momentum
in the Poincaré superalgebra. We then construct a dynamic spin chain representation of
the extended algebra which carries these additional central charges and derive the following

dispersion relation for a single magnon with momentum p

A_J:,/Hf@)sin?;—’. (1.5)

where f (/N\) is an undetermined function of the coupling A\. On rewriting the extended
SU(1]1) x SU(1|1) as a 2 4+ 1 Poincaré superalgebra the above dispersion relation can be
viewed as the relativistic dispersion relation of a massive BPS particle in the 2+ 1 Poincaré
superalgebra. The spin chain representation constructed is such that these additional cen-
tral charges vanish on physical states when we impose the momentum constraint, the alge-
bra then collapses to the usual algebra. From the perturbative result in ([[.3) we see that

5y N@Q1Qs

F(N) . for A<l (1.6)

Equation ([L.) is a BPS relation and the magnons in question have large J charge,
therefore we should expect to the find them as classical solutions to the string sigma model



on AdSs x S3 x T4. These solutions are identical to the giant-magnon solutions found
by [[[0] in AdS5 x S°. Since these solutions only require the subspace R x S2, they continue
to be solutions! in AdS3 x S§% x T* with Ramond-Ramond flux through the S3. After
the identification of the momentum of the magnons to the geometrical angle [[L(] in the
classical solution we obtain the following dispersion relation for the magnon

A-J="
yiye:

Sing‘, (1.7)

where R? is the radius of S given by R?/a/ = g6+/Q1Q1 and gg is the 6d string coupling.
Following the logic of [[LJ] we write the giant-magnon solution in Lin-Lunin-Maldacena
(LLM) [ like coordinates for AdS3 x S [[[3] and construct the Killing spinors of the ge-
ometry. From the solution of the Killing spinors and the stretched string like nature of the
giant magnon in the LLM geometry we infer that the solution carries the required additional
central charges to render it BPS in the extended SU(1|1) x SU(1|1) algebra. The BPS con-
dition then implies the following dispersion relation at strong coupling for a single magnon

Q@5 . 5P
A—J:\/l—l—gg 3 sin® 3. (1.8)
Comparison with ([.L§) we see that the
~ 2 ~
ﬂ»:%%ﬁi for A1 (1.9)

Thus identifying the coupling constant A = gg and examining the weak coupling result
in ([.g), perhaps we can guess that

2

) = B8 (1.10)
m

at all values of the coupling X. Note that the dispersion relation in (LF) also agrees with

the plane wave limit when the equality in ([[.1() is satisfied [J—f] The dispersion relation

is similar to that of giant magnons in N = 4 Yang-Mills with R? in the dispersion relation

replaced by the radius of S® instead of S3.

The organization of the paper is as follows: In the next section we review the results
of the analysis of magnons at small p and small A\ in the symmetric product pointing out
the evidence for the extended SU(1|1) x SU(1|1) algebra. In section 3. we write down
the extended SU(1|1) x SU(1|1) algebra and show that it can be written as a N/ = 2
Poincaré algebra, we then construct a dynamic spin chain representation of magnons using
this algebra which obeys the dispersion relation ([L.4) and show that it is a BPS relation
of the extended algebra. In section 4. we examine the magnons at strong coupling using
LLM coordinates for AdSs x S3. We show that the magnons carry the required central
charges to be BPS in the extended SU(1|1) x SU(1|1) algebra. appendix A, B fill in the
details necessary to show that the giant magnon solution is supersymmetric. The method
developed in appendix A enables one to determine the supersymmetries of of a solution of

IIB gravity with S! x S x T* isometry by embedding it as a solution of (1,0) 6d gravity.

'Recently giant magnons in AdSs x S and related solutions were studied in [@]



2. Magnons in the symmetric product

In this section we present a short review of the symmetric product conformal field theory.
We then specify the magnon excitations in the symmetric product whose conformal dimen-
sions will be the subject of our interest and review the results of perturbation theory in A.

The boundary theory corresponding to the system of 21 number of D1-branes and Q5
number of D5-branes in type IIB on T* is given by the ' = (4,4) super conformal field
theory on a resolution of symmetric product orbifold

M = (TH9/5(Q,Q5). (2.1)

The global part of the N = (4, 4) algebra is given by the supergroup SU(1,1|2) x SU(1,1/2).
The two copies arise from the left movers and the right movers of the conformal field theory
on M. The bosonic part of the the supergroup SU(1,1|2) consists of the global part of
the conformal algebra SL(2, R) whose generators are Lo, Ly and the global part of the
R-symmetry SU(2) whose generators are .J3, J*. The 8 supercharges for SU(1,1/2) are
labeled by G‘lll/’Q, G‘ibl/2,
under SU(2)g and b € {+, —} denotes the quantum numbers of the charges under SU(2);
which is an outer automorphism of the N' = (4,4) algebra. The subscript £1/2 refer to

where a € {+,—} denotes the quantum numbers of the charges

the weights of the charges with respect to Lg. For our discussion the anti-commutation
relations of relevance are

{thﬂ, Gl—/g} — 2(Lo — J%), {Gl—/;, Gfl‘/z} — 2(Lo — J3). (2.2)

From the above anti-commutation relations it is easy to see that the set of generators
{GJ_F;F/TGI_/E,LO,J?’} or the set {Gl_/;,GJ_FI_/TLO,J?’} each form a SU(1|1) sub-algebra
with central charge Lo — J3. Similarly there is an identical copy of the SU(1,1|2)
algebra from the right movers. We refer to these generators with a ~ superscript:
{Zo,ﬂi, J3, ji,é‘f?z,é‘ibl/z}. To be specific, and it will be justified by the subsequent
discussion we will focus on the SU(1]1) x SU(1|1) subalgebra generated by the following

{fo/y Gy, (Lo — J3)} : {éffﬂ, G (Lo — J3)} . (2.3)

The terms in the brackets (Lo —.J%) and (Lo —J?) form the central charges of the SU(1|1) x
SU(1/1) algebra.

Chiral primaries in the symmetric product CFT satisfy the conditions G‘lll/72|¢> =
é‘fl/’2|1,b> = Gf?/2|¢> = éi’ll’/2|¢> = 0. They satisfy Ly = J? and Ly = J3 We will focus
on chiral primaries which are the ground states in the Z; twisted sector with the left and
the right J3 charge given by (431, Z51), we denote this chiral primary by [0),, ® |0),,. The
construction of this chiral primary ground state using twist operators is given in [[[4, ].2

We now consider the following excitations above this chiral primary

[Gp1Bps By ) @ [0)g = Ty T, -+ T, 0)g @10),. (2.4)

2For a detailed review please see [E])



where J," is given by

J
Jy=> eI (2.5)
k=1

and J(;) is the lowering operator of the left moving SU(2) R-current of the k-th copy of
the torus involved in the Z; twisted sector. To satisfy orbifold group invariance condition

Zpi =0. (2.6)

At the free orbifold point such a state is non-chiral in the left moving sector while it is still
chiral in the right-moving sector. We now perturb the symmetric product CFT with the

we need to impose the condition

marginal operator constructed from the Zs twist field and which is a singlet component of
SU(2);. This operator is dual to a combination of Ramond-Ramond 0-form and a 4-form
on the dual gravity type IIB background. This perturbation is given by [L{]

MNGH G, = GT,GT, ) B2 e, (2.7)
where )\ is the coupling constant, and 2 1/2.1/2) refers to the Zsy twist operator of charge
(1/2,1/2). Finally c.c refers to the expression involving the antichiral field $(*/21/2), On
perturbing the CFT with this operator the excited states given in (R.4) are no longer
right-chiral [§]® it picks up anomalous dimensions.

We now recall the results of the evaluation of the anomalous dimensions of the class
of operators given in (R.4) to first order in A in the limit J — oo and p; < 1 together with
the number of excitations being small [fJ. Consider the state?

|0p)s ©10). = J,7[0); ©0).1. (2.8)

1. To first order in X the action of G 1 /9 flips the state |¢p); ®|0) s from the Z; twisted

sector to the Zj_1 twisted sector. We write this as
Gyl dp)a @ |00 o €PAGHY | dp) -1 ©10)— (2.9)

The above transition clearly conserves the left and right J3, .J% charge. [{ evaluated
the following overlap in the limit J — oco,p < 1 to first order in A

cab ApVQ1Q5 .

47

—1(0] @ g1 (dp| Gy G lbp) g ® [0)y = (2.10)

Note that from the equation in (R.9) we see that the state [¢,); ® |0); which was
chiral on the right movers is no longer chiral.

3We follow the reference [H], related work has been done in [E, ﬂ, E] The analysis of these build upon
the detailed evaluation of the 3-point functions of correlation functions of twist operators for symmetric
products which were performed in [@ %

“In [E] the momentum of the state in is referred to by the label n, with 27n/J = p.



2. In [f] it was shown that to first order in A\ the following commutation relation is
obeyed on the state.

{él—;;, Gl‘/b2} bp)s @ [0)y = e“bA/dzaz(zzz(l/ll/?)wp)] ®10).. (2.11)

Note that the operator $(1/21/2) corresponds to the chiral primary with charge
(1/2,1/2), therefore [ dz0,(22X(1/%1/2)) in (B.11) commutes with the following set
of generators

~y—a o ta —a +a

{Gl/szJ—r1/2=G1/27G—1/2}'

Thus with respect to the SU(1|1) x SU(1|1) subalgebra given in (R.J) the operator
f dz0,(2z5(/%1/2)) is central. Furthermore the action of the operator evaluated at
the leading order in A and for p < 1 is given by [§]

/dz82(252(1/2’1/2))|¢p>J ®10)s ~ plop)s-1®1[0)s-1. (2.12)

Thus on physical states which satisfy (.§) the action of the central element vanishes.
The commutation relation given in (R.11]) can also be seen in the plane wave limit [§.
In the plane wave limit of AdSs x S? it can be seen that [§] the charges obey the
following commutation relations

{foé’é{/bz} = E“bp—i > pN,, (2.13)
p

. 1
{chl”/Z, th{ﬂ} - eabF 3 PN,
p

where N, is the oscillator number operator at momentum p on the pp wave and p™*
is the light cone momentum. From these commutation relations also it is seen that
on physical states, which satisfy the condition Zp pN, = 0, the anti-commutation
relations vanish.

3. To the leading order in A the correction to A —.J where A = Lo+ Ly and J = J3+ J3
is given by [§]

AJ=11Lx v 2.14
—J =14 55 A(10s) | 7 ) (2.14)

4. Note the that marginal deformation of the conformal field theory given in (R.7)
is such that Ly = L. Furthermore the excited state given in (R.§) is such that
Ly = Lo, therefore in perturbation theory it is clear that the change in conformal
weights of states is such that §Lg = §Lg

In principle there could be the following transition from the Z; twisted sector to the
Z i1 sector
GH ol dp)g @ 10)s — PG |0p) 41 @ [0) g1 (2.15)

Note that the J3, .J3 charges are conserved under such transitions, but to first order in A
such transitions are not present [f],



3. The SU(1|1) x SU(1|1) dynamic spin chain model

As we have seen in the previous section that it is possible to obtain the conformal dimensions
of the magnon excitations within perturbation theory it is sufficient to restrict our attention

to the action of the supercharges {th/27Gf/;7ét;/2é;/;

{Gi—f/z’ Gl_/g, éi—f/zél_/g} From the commutation relations in (R.J) it can be seen that
the above charges generate the subgroup SU(1|1) x SU(1|1) with central charges Ly — J3
and Ly — J®. To simplify the discussion we choose one of the SU(1|1) x SU(1|1) algebra

and define the generators as follows

or the set of supercharges

Gi—l_/g - Qla éi_l_/g - Q27 (31)
Gl_/Jzr — 51, él_/—g — 52,
Lo—J> — C4, Lo— J% — Cs.

In terms of these variables, the SU(1]1) x SU(1|1) algebra is given by

{Q1,51} = C1, {Q2, 52} = C2 (3.2)
{Q1,Q2} =0, {S1,52} =0,
{Q1,52} =0, {51,Q2} =0.

C4 and Cy are central elements of the algebra.

The magnon excitations given in (B.4) with momentum p; = 0 belong to the BPS
states of this algebra with C; = j,Cy = 0. We now consider magnons with momentum
p; # 0, these states are not BPS in the above algebra as C1,Cs # 0. But, on turning on
interactions due to the marginal operator in (2.7) we propose that the above algebra gets
central extended with 2 more additional central charges. The magnons are then BPS states
within this extended algebra and carry these central charges. These central charges are
such that on physical states they vanish. We then derive the dispersion relation relating
the conformal dimensions of the magnons to the momentum p;.

3.1 The extended SU(1|1) x SU(1|1) algebra

From the anti-commutation relation (R.11) derived at first order in perturbation theory
and the anti-commutation relations (B.1J) obtained in the plane wave limit we see that
the we should extend the SU(1|1) x SU(1|1) subalgebra such that {Q1,Q2} and {S1,S2} is
non-trivial. Therefore we consider the following central extension of the SU(1|1) x SU(1|1)
algebra, given by the commutation relations

{Q1,51} =Ch, {Q2, 82} = Co, (3.3)
{Q1,Q2} = C5 —iCy, {51,852} = C3 +iCy,
{Q1,82} =0, {S1,Q2} =0.

Note that we have extended the algebra by including 2 more central charges Cs, Co, further
more since

QIL = Saa (34)



we have {Q1,Q2}" = {51, 52} the central charges in these two cases are related by a Her-
mitian conjugation. Note that the above central extension of SU(1|1) x SU(1|1) is different
from that considered in [R1] which arises in certain sub-sectors of N’ = 4 Yang-Mills.?
This central extension of the SU(1|1) x SU(1|1) in (B.3) can be viewed as a N = 2
Poincaré superalgebra in 3-dimensions with one central charge. The remaining central
charges play the role of 3-momentum in the Poincaré superalgebra. This is similar to the
case of giant magnons of N’ = 4 Yang-Mills, there the magnons are BPS states of the central
extended SU(2|2) superalgebra which can also be written as a Poincaré superalgebra in 3-
dimensions [[(]. To view the centrally extended algebra in (B.3) as a N' = 2 Poincaré
algebra we first define the following two component Majorana spinors in 3-dimension

Q1+ 51
i(Q2 — S2)

i(Q1 — S1)
(Q2+ S2)

1

2

- - . (3.5)

)

It is easy to see that from the property (B.4) that these charges are real. We now can write
the commutation relations for the extended algebra in (B.3) as

{dh @} = 2075,(3#)as + 26 easCs. (3.6)
Our conventions for the 3-dimensional y-matrices are as follows:

’yo = jo?, ’yl =o', ’yz = 5. (3.7)

where ¢* are Pauli matrices. We also define

s = ("iers, =0 §=-0%  F=ol (38)

From (B.J) and the definition of 4 and the relation (B.6) we see that the momenta p,, are
identified with the central charges as follows

—po — p1 = Ch, —po + p1 = Co, p2 = Cy. (3.9)

The algebra given in (B.6) is the super Poincare algebra in 3d with the central charge
C53.The remaining central charges of the extended SU(1|1) x SU(1|1) algebra are identified
with the momenta in 3d which commute with the supercharges. From the r.h.s. of (B.6)
we see that BPS states exist when

P, 1 1
D=0 +95+ 05, or L(Ci+Co)’ = (01— Co)* + O +C. (3.10)

3.2 Dynamic spin chain representation

We have seen that the magnon excitations given in (B.4) with p; = 0 are states with
C) = j and Cy = 0, one can also see that they satisfy the BPS condition (B.I(). In this
section following [R] we write down a representation of the extended SU(1|1) x SU(1/1)
algebra in terms of a dynamic spin chain which carries the central charges Cs3,Cy. We

®In the extension considered by @], the anti-commutators {Q1, S2} and {S1, @2} were non-trivial.



propose that these states correspond to magnons with p; # 0. The charges are turned on
in such a way that on physical states they vanish. We thus satisfy the property (R.11)
and (B.13) seen both in perturbation theory at first order as well as in the plane wave
limit. Using this representation of magnons we derive a dispersion relation of the energy
Ci+Co=A—J = (Ly+ Lo) — (J* + J3) of these magnons. This dispersion relation
satisfies the BPS condition (B.I() and thus is valid at all orders in interaction. In the next
section we identify the magnons at strong coupling and show that they indeed satisfy the
same dispersion relation.
The vacuum state of the spin chain is a chrial primary denoted as

0);@[0);=]...9p..)®]|... ..., (3.11)

This state represents the chiral primary or weight (%, %) in the Z; twisted sector of
the symmetric product. We work in the limit J — oco. It is convenient to think of each |¢)
as state which carries weight Lo = 1/2 and J? = 1/2. In the language of the twist field it
is a Zo twist field which implements the permutation between two copies of the torus 7.
Thus in the vacuum state in (B-I1]), there are J — 1 [¢))’s each carrying Lo = 1/2,J3 = 1/2
at the J — 1 sites for the right moving vacuum and similarly there are J — 1 \@ which
carries weight Lo = 1 /2, J3 =1 /2 at J — 1 sites for the left moving vacuum. All charges
Q1,Q2, S1, S2 annihilate the vacuum (B.11) since it is a chiral primary. From now on we
will work in the limit of the infinite J — oo chain. We consider the following excitations

on this vacuum

|Gpy - - bp;) @10) = Z eI RISy g el - )@0). (3.12)

n1,<K...Knj

Note that we have removed the subscript J from the kets since we are working in the strict
J — oo limit. Here the state |¢) represents a state with Lo = 1/2,.J3 = —1/2 with It is
obtained from the state [¢)) by the

9) = T~ [¥). (3.13)
Thus excitations given in (B.12) can be obtained following action of .J, on the vacuum
T py Jp_j|0> ® 10), (3.14)
where
Ty = ey (3.15)
l

J(y acts on the state [1)) at site [. Thus the state in (B.1J) corresponds to the state defined
in (P.4). The central charges at zeroth order in the coupling of the theory of this state is
given by C; = j,Cy = 0.

To define the action of the charges Qg, S, on the general excited state (B.19) we first
define their action on the simple state with one v excited to ¢ on the extreme left. Let

6) @1(0) = |gynp -+ ) @ |ghep -+ -), (3.16)



then the action of the charges on this state is given by

Q1]¢) ®10) = aly* o) ©0), (3.17)
Q2l9) @ [0) = a'[¢) ® &),
Sil¢) @ [0) = blyp~¢) © |0),
Sal¢) @ 10) = ¥|¢) @ [¢h7).

In the above equations the presence of 1™ refers to the fact that that state is in the
Zj11 x Zj twisted sector, while the presence of ¢~ refers to the fact that the state is in
the Zj_1 X Zj twisted sector. Similarly the presence of Q;Jr refers to the fact that that the
state is in the Z; ® Z y+1 twisted sector, and the presence of ¥~ refers to the fact that the
state is in the Zj ® Zj_1 sector. a,a’,b,b’ are constants which depend on the interaction
strength of the theory and should vanish at the zeroth order in coupling. These transition
rules are motivated from the observations given in (R.9) and (.10) seen in the symmetric
product conformal field theory at first order in A. In the extended algebra (B.J) we have
Q% =0, S% =0, Q% =0, S% = 0. We write this as

QilvT¢) @0
Qal¢) ® [
Sil~¢) @10
Sald) @ ¢~

; (3.18)

)

9

0
0
0
0

—~_ — ~ ~—

From the above rules it is clear that the the difference of the twists in the between the
left and the right moving sectors can be at the most +1. To impose the anti-commutation
relations {Q1,52} = 0,{Q2, 52} = 0 on the states of spin chain we assume the following
states in the spin chain are proportional.

Q1|¥) = gSa2|¥), Q2|¥) = ¢'S1|P). (3.19)

where |U) is any state obtained by the action of charges on the state |¢) ® |[0). The
above equation is motivated by the observation (R.9) seen in perturbation theory. It is
clear that using the above equation and the fact Q% = 0,5? = 0,Q% = 0,53 = 0 the anti-
commutation relations {Q1,S2} = 0,{Q2,S2} = 0 on the excited states are seen to hold.
Now the only other non-trivial sequences of action of charges to specify the representation

are Q1Q2,Q2Q1, 5152, 5251, @151, S1Q1, @252, S2Q2. We write these

Q1Q2|¢
Q2Q1¢
S152|¢
S251|é
S1Q1¢
Q151

®0) = ad|y) @ [§T), (3.20)
®[0) = ady|yT) @ [¢7),

®|0) = bb' ¢~ ¢) @ [,

®[0) = b’y [~ ) @ ™),

®(0) = abl¢) ®10),

® |0) = aby|p) @ |0),

NP )

— 10 —



S2Q2|¢) @ |0) = d't'|p) ©10),
Q25:|¢) @ [0) = d'b'¥|¢) @ |0).

Note that the action of the Q1Q2 does not anti-commute with the action of Q2@ for
~v # —1 this is precisely what we require if the central charges Cs, Cy need to be turned
on. A similar statement holds for the action of 5155 and S257. Thus interchanging Q1Q2
picks up a factor of v and interchanging S1S picks up a factor of 7/. Similarly note that
(2151 and Q2S5 also do not anti-commute.

Now using the defintion of the spin chain representation given in (B.I7), (B.19)
and (B.2() we read out the central charges carried by the representation. Examining the
relations {Q1, 51} and {Q2, S2} on the excited state in (B.14) give

Cil¢) ®10) = ab(1 +7)|¢) ® |0), (3.21)
Cal¢) ® |0) = a'V'(1+7)|¢) @ 0).

Finally from the relations {Q1, @2} and {Si, S2} we have

(Cs —iCy)|¢) ® 0) = (1+ y)ad [t ¢) & [¢7T), (3.22)
(C3 +iCy)|¢) @ [0) = (L+~ )bV |~ ¢) @ [¢7).

In deriving this we used the rules given in (8.2()) Note that from the action of the charges
given in (B.17), (B.19), (B.1§) and (B.20) it can be shown that the charges C3, Cy are central.
Therefore the rules (B.17) , (B.19), (B.1§) and (B.20) define a representation of the extended
SU(1]1) x SU(1|1) algebra.

We are interested in representation such that the central charges Cs, C4 are turned on

locally in a state but globally on physical states these central charges vanish. For this we
consider an excitation of definite momentum p given by

|pp) @ |0) = Ze”’k| Y. G .. ) ®10). (3.23)

Insertion or removal of ¥ to the immediate left of the excitation we obtain

[hE @) @10) = Zewk\ ) ®10), (3.24)

_ Ze’l’”’pl.--ww.-w--»@|0>-
k

Thus upto a phase we can shift the insertion or removal of 1 to the very end. We therefore
have the relation

(" ép) @ [0) = e¥P|¢0™) @ 0). (3.25)
Thus the action of the central charge C3—iCy on the tensor product of excitations is given by
(o =iCDIGp - 03,) D10) = Clé - 0) @ 107 (3.26)
C—Zakakl—i—’y Heil.
I=k+1
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Therefore C should vanish on physical states, this is obtained by setting
axa,(1+7) = a(e”P —1), (3.27)

where « is a function of the coupling A, the normalization of a above is for convenience.
With this condition it is easy to see that C is given by

J
C:az Pk He’pl—(y(He’k—). (3.28)

k=1 I=k+1

Thus on physical state C vanishes. Similarly we see that we should set
bpbj (1 +7') = a* (ePF — 1), (3.29)

which ensures C3 + iCy also vanishes on physical state. Note that the central charge
C5+1iCy is the complex conjugate of C3 —iCy which has been implemented in (B:27) (8.29).
For the state |¢,) ® |0) we have C; — Cy = 1, since

C1—Cy=(Lo—J3—(L—J%=J3-J3 (3.30)

Here the last equality follows due to property 4. seen in perturbation theory, that is the
condition Loy = Ly is maintained in perturbation theory. from (B:21) we have

(1+7)ab— (1 +7")ad't = 1. (3.31)
Then from the equations (8.27), (B.29) and (B.31]) we obtain

A—J=Cr+Co= (1+7)ab+ (1+7)d'Vt) (3.32)

= \/1 + f(\) sin? (g)

We thus have obtained the dispersion relations for the magnons. Note that the above
relation satisfies the BPS condition given in (B.10]). From the comparison of the correction
to A — J computed at weak coupling and small mometum given in (R.14) we see that

FO) = w e

. (3.33)

For the tensor product exicitation given in (B.13) with the assumption that the exciations
are well separated we obtain the dispersion relation

A—J= Z; \/1 + () sin? (%) (3.34)
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4. Magnons at strong coupling

The classical solutions of the string sigma model found by [[[(] for the case of AdS5 x S°
continue to be solutions in AdSs x §3 x T4. This is because they require only the subspace
R x S? which is also available in AdS® x S3. It is only when there is Ramond-Ramond
flux through the S3 the equations of motion discussed by [[(] continue to be the same
for the case of AdS® x S3. Thus the discussion in this section applies for pure Ramond-
Ramond flux through the S3. We first start with a short review of the magnon solution
and obtain the dispersion relation of the magnons at strong coupling. We then provide a
detailed analysis of the supersymmetry preserved by these magnons by following the logic
outlined in [I(]. This involves writing the solution in LLM like coordinates for the case of
AdS3 x S2 in which the magnon solution is just a stretched string. By studying the Killing
spinors and a particular one-form which corresponds to the gauge transformation of the NS
B-form under the action of two supersymmetries we see that the magnon solution carries
the required central charges to be BPS. The reason it is BPS is the same as the reason a
stretched string is BPS in flat space, in fact the supersymmetry algebra turns out to be
the the extended SU(1|1) x SU(1]1) algebra discussed in in section 2.

4.1 Magnon dispersion relation at strong coupling

The near horizon geometry of the D1-D5 system for large A is AdSs x S% x T? described
by the following metric [B]:

ds? = R*(— cosh? pdt? + dp® + sinh? pdp® + dQ3) + ds*([T*)), (4.1)
where dQ% is the metric on the unit three sphere given by
dQ2 = db? + sin® 0d¢p? + cos? Odi)?, (4.2)

with 0 <0 <, 0< ¢ <2m, 0<1 <2, and ds?([T?] is the flat metric on the four torus

given by
ds*[TY = o % (dz + do + dzd + doj) . (4.3)
| v@s

v is the volume of asymptotic volume of the four torus in string units, and

R? = o/ g6\/Q1Q5, (4.4)

with g = gs/+/v. Note that we have used global coordinates to describe AdS3. We identify
& to be the coordinate conjugate to angular momentum J = J3 + J3. The string ground
state with £ — J = 0 corresponds to a lightlike trajectory that moves along ¢ with ¢ — ¢ =
constant and sits at § = 7/2 . and at the center of AdSs, p = 0. Now to obtain the
string configuration that corresponds to a solution carrying momentum p with the least
amount of energy ¢ = F — J we follow [L0]. We first choose the point ¢ = 0 on the circle
S1 parameterized by 1. This point along with § and ¢ form a S2. After we include time,
the motion takes place in R x S? where R is parameterized by the time coordinate. We
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now write the Nambu-Goto action for the string in this background by choosing the world
sheet coordinates to be:
t=r, ¢—t=o, (4.5)

and we consider a configuration where € is independent of 7. The Nambu-Goto action

1
S = - /dea\/—det’y, (4.6)

where v is the induced metric on the world sheet given by

takes the form:

oXH oXY
Yab = QHVWW’ (47)
where a,b = 0,1 and ¢° = 7 and ¢! = o. After taking into account the worldsheet

parameterization given in ([.§) we get the following action,

2
S = i /deO‘\/COS2 662 + sin? 6, (4.8)

e

here ' refers to derivative with respect to o. Following [L(] we integrate the equations of

motion and get
sin 6,

sinf =

—<%—90>§0’§%—90, (4.9)

coso’

where 0 < 6y < 7 is an integration constant. The difference in angle between the two

endpoints of the string at a given time do = 2 (% — 60) is identified with the momentum p
of the magnon [[[0], we write this as

56 =2 (g —90) = p, (4.10)

and one also obtains the energy F — J which is the Noether charge corresponding to shifts
in o to obtain

R? R?> 69
E—J—WCOSHO—Hsm?. (4.11)
After we have identified d¢ with p, we obtain the following strong coupling result of the

dispersion relation,
R2
E-J=—
T

sing‘ , (4.12)

Note that this dispersion relation agrees with the strong coupling limit of ([.§) if
f(A) = g2Q1Qs5/7? for X — co. We now proceed to demonstrate that these magnons are
supersymmetric.

4.2 Supersymmetry preserved by magnons

There are two crucial ingredients to demonstrate that these magnons are BPS solutions
of type IIB on AdS3 x S x T3. The first one is to demonstrate that in a particular
coordinate system the magnon solution is just a straight stretched string. For this we write
the solution given in ([.9) using the LLM [[[J] coordinates suitable for AdS3 x S3. The
AdSs x S% metric in these coordinates is given by L3

dst = —h*(dt + Vida")? + h?(dy? + 6;jda’dy’?) + y(e“dQ} + e~ CdO?), (4.13)
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where

1 1
h™2 = 2y cosh G, i=g tanh G, dv = 2 x3 dz. (4.14)
and z satisfies the following equations
9 1
((?i —i—yay;({)y z = 0, (415)
(1 —42%)?
aizaiz + 8y28y2 = T

For the AdS3 x S metric z is such that in the plane y = 0, z = 1/2 is a circular region of
radius R. The above metric is a fibration of the time direction ¢ and the two S'’s denoted
by Q; and Q; over the three dimensional space characterized by z1,z2,y. We can obtain
the conventional global coordinates of AdS3 x S° given in (f£1) using the following change
of coordinates

y = sinh p cos 6, r = cosh psin 6, o=¢—t, (4.16)
T1 = T COs T, To = rSsino,
Y = Ql7 ¢ = Ql'

Using this change of variables, the metric on the plane y = 0 for r» < 1 is of the form

2 2 2 4 272
2 2 9 r dr* +r°do N
ds“ =R —(1—T)<dt— 1—T2d0> ﬁ—"(l—?‘ )d”L/J . (417)
We now repeat the analysis of [[J] for this case. From (§.16) we see that

r? = sin? 0 = 22 + 22, since p = 0, the solution ([.9) can be written as

rcoso = x] = cos fp = constant. (4.18)

Thus the magnon solution is just a straight stretched string in these coordinates. The
string is stretched between two points on a circle. Note that the energy F — J of the
magnon is just the length of the string with flat metric on (z1, z2) plane,

E—-J=—Axy= RT cos fy. (4.19)
al'm

Finally in these coordinates the angle subtended by the string at the centre of the circle
is related to p by 20y = © — p from ({.10)

The second ingredient needed to show that the giant magnon solution preserves super-
symmetry is to demonstrate the it carries the appropriate central charges. These central
charges arise due to the fact that it is just a straight stretched string in the LLM like coor-
dinates and thus it has the appropriate winding charge needed to make it supersymmetric.
This is the same reason that stretched strings in flat space are BPS. To show that that the
giant magnon solution carries these charges we again follow the logic outlined in [[[(]. We
first need to find out the Killing spinors for the AdS3 x S solution in LLM like coordinates.
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We start with the LLM like ansatz for type IIB with S x S! isometry, this ansatz accommo-
dates AdS3 x S3 x T* as a solution [[J]. In the near horizon geometry of the D1-D5 system
the Ramond-Ramond 3-form is self dual, therefore we take D = 10, IIB supergravity with
the following bosonic fields turned on: the metric Gy, the 2-form potential C’J\JZI N With
self dual field strength i.e Fi3) = *F(3) where F3 = dC’(Jg). Let 1ps be the gravitino which is
a right handed Weyl spinor i.e it obeys the condition I'119as = s, A is the dilatino which
is also a right handed Weyl spinor. Notice that we have set the Ramond-Ramond 4-form
potential and axion-dilaton to zero. We specify a reduction of the form:

dsiy = guud:v“d:n” + e @+G@) g2 4 H@)=C) g2 | o da®,

1
Fiz) = ——F(2 ANdp — 5 y A dqb, (4.20)
where
F(g) = F/deﬂ A dx”, (4.21)

s = 6,7,8,9 the directions along 7% and pu = 0,1,2,3. The above ansatz preserves the
SO(2) x SO(2) isometry. This ansatz corresponds to setting the gauge fields from the
components of the metric and the 2-form potential : g,4 and C and the scalars: C+¢3 and
9od components) to zero. This is an inconsistent truncation Of the theory but as argued
in [[3], this inconsistency manifests itself in one additional constraint given in the second
line of (f.17). Since we have set the axion-dilaton to a constant and the Ramond-Ramond
4-form potential to zero, the supersymmetry variation of dilatino and gravitino takes the

following form [[[3, BJ.

1
S = Ve — %(PMPNPQ +20VPOT ) ) Fy poe™,

o\ = —ﬂFMNpFMNP (4.22)

We use the convention that 10d gamma matrices are purely imaginary, explictly they are
given in ([A.J)). Setting the dilatino variation to zero gives the 6d chirality condition on
the spinor
LTI r3rire = —e. (4.23)
Since the spinor € is a 10 Weyl spinor we also have the following condition
DOTT8% = —e. (4.24)
The gravitino variation in the 0,1,2, 3, ¢, ¢ directions are given by
1 -~k
0, = Vue — 1—6fypUFp"e 5(H- G)’yuaale ,
H-—G
Ny = (8 H~Féoy)e+ e 8¢e —ie” 2 "}/58(2)6, (4.25)
- 1
0Qa = 5(8MG7”§61)6 + e_TG(‘)d)e + z'e_%fy‘:’a&e 8’YpanU €.
Here 6Qy and 6Q¢ are defined as

0 = 0y — e“TsTudtpy, 00 = Sty + €“TsTudt). (4.26)

— 16 —



Note that these gravitino variations are different from that obtained by [[[J] for the case
of 6d (1,0) gravity. Due to the the occurrence of €* on the r.h.s. of the variations the
solutions of the Killing spinors obtained by [[[J] for the case of 6d (1,0) gravity cannot be
directly embedded in IIB gravity. But as shown in appendix [A]. for the following spinor

E=cr+i(l®ER G )eR. (4.27)

the gravitino variations reduce to that obtained by [[J]. In (.27) subscripts stand for the

real part of the spinor e. Rewriting the gravitino variation (§.25) in terms of the spinor €
from, we get the following equations

522)/.1 = v/.tg - —6_%(H_G)7pan07pg (428)

H-G

- 1
50 = _zsaunnge—HTwa(bg— ie” T Y05

H+G

) 1 1
6 = 50,y e+ e TF Opetie A O5E - S FPE

We now can take the Kaluza-Klein ansatz for the spinor €

. ~ i _0\ -
f0.0,6) = exp (5 00+ 19) ) (o) (1.29)
Substituting this ansatz in the equations ([1.2§) we obtain
1y, = V& — %ﬁe—%(H Oy g FP7 (4.30)

00y = O HAMe+e 2 ni —ie” 2 4°RE

160G = 0,Gy'e+ e F e+ ie” e — 17 FI7E.
These equations are now identical to the gravitino variation obtained by [LJ] for the case of
6d (1,0) gravity. As a by product we have obtained the procedure to embed all the solutions
obtained by [[LJ] for 6d (1, 0) gravity in type IIB gravity. In appendix [A.1]. we have explicitly
written down two Killing spinors in AdS3 x S* x T% in LLM coordinates referred to by

. .
a=3E+E),  e= %(g’ + ), (4.31)

where € and € are given in ([A.44) and ([A.4H) respectively.

From the study of the supersymmetry algebra of type IIB gravity in [PJ] it is seen that
the action of anti-commutator of two supersymmetries contains a gauge transformation on
the Neveu-Schwarz B-field. This implies that under the presence of stretched strings the
anti-commutator of the supercharges contains a term proportional to the winding charge
of the stretched strings. We write this as

Q= [ @oy=gi"un (4.32)

where the winding current jM¥ is given by

e = X(a))

= (4.33)

2ma!

2
JMN () = B / drdo(9, XM, XN — 8, XV o, xM)
M
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and wyy is the resulting gauge transformation parameter from the anti-commutator of two
supersymmetries. Note that the winding charge (.32) is conserved only if wyy is a closed 1-
form since VM(jMNwM) = VuriMNwn+MVV prwn = 0 only if Vywy —V ywiys vanishes.
Thus what remains to be done is to determine the relevant gauge transformation parameter
which results from the action of the anti-commutator of two supersymmetries and show
that that it is a closed form. From the analysis done in appendix []. and appendix [B. the
relevant gauge transformation parameter is given by w, = i(€y,€2) where €; and ey are
given in ({31]). In appendix . we have explicitly evaluated w, and we see that it is a
constant closed 1-from. The only non zero components of of w,, is given by

w1 = cos X, wo = siny, (4.34)

where y is the angle corresponding to the rotation degree of freedom in the (1,2) plane.
Since there is a freedom of choosing the angle x the winding charge of a straight string in the
T1, T9 plane along any direction is conserved and appears on the r.h.s. of the supersymmetric
algebra. All one has to do is to choose x so that the 1-form (w;,ws) is along the direction
of the string. The magnitude of the winding charge along with its direction in the (1,2)
plane has 2 independent components, the straight stretched string carries two additional
central charges. For the giant magnon solution given in ([.1§) the winding charge using
the definition in ([£39), (f33) is given by
2
Q= R—/ cos Oy o, (4.35)
T

the Zo denotes the direction of the winding. Thus subalgebra relevant for the giant
magnons, SU(1|1) x SU(1|1) is therefore extended by two additional central charges. From
the discussion of the extended algebra in section 3, we see that the extended charges also
form a vector given by C3 4 iCy. We now identify the central charges as

l\3|©>

— (G5 +iCy). (4.36)

The proportionality constant is fixed by the fact that the dispersion relation obtained from
the BPS condition (B.1() is consistent with the strong coupling dispersion relation obtained
in (f.19). Since the magnons are straight stretched strings and carry the appropriate
winding charges they are BPS. Therefore we can apply the BPS relation (B.I() to derive
the dispersion relation. For a single magnon this gives

R2\?
A—J= (01 + 02) =4/1+ (7) cos? 0o, (4-37)
T

R2\? P
=4/1 — in? £
\/ +<o/7r> sin” 5

In the second line we have used the identification given in ({.10) of #y with the magnon
momentum. Substituting the value of R? in terms of the D1, D5-brane charges we obtain

A—J= \/1+ (%) sin2g. (4.38)
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Thus we see that at strong coupling

~ 2 ~
IR S (4.39)

£ = =

5. Discussion

In this paper we have used the centrally extended SU(1|1) x SU(1|1) superalgebra with two
more additional central charges to derive the dispersion relation of magnons in the D1-D5
system. The derivation closely followed the derivation of the dispersion relation of magnons
in /' = 4 Yang-Mills. This similarity suggests that just as N’ = 4 Yang-Mills is integrable
at the planar limit, the D1-D5 system might be integrable for Q1Qs > 1. In fact the
classical string on AdSs x S3 with Ramond-Ramond flux through the S is known to have
infinite set of non-local, commuting conserved charges [24]. Thus using integrability along
with the extended symmetry we have found in this paper and proceeding algebraically
along the lines of [P9 it might be possible to obtain the S-matrix of this theory which
will lead to the information about the complete spectrum in the large J limit. Another
approach is to look at the S-matrix of magnons in the strong coupling limit. As we have
seen at strong coupling the giant magnon solution in the D1-D5 system is identical to that
of N'= 4 Yang-Mills. Since the evaluation of the S-matrix for scattering of two magnons
with momentum p; and py at strong coupling just depends on the classical solution, the
S-matrix evaluated by [[(] applies for magnons in AdSs x S% as well. This is given by

S(p1,p2) = exp(id), (5.1)
VA o m P2 sin® 2522
where § = - (cos 5 —cos ?> log W

where sign(sin £') > 0 and sign(sinZ') > 0 and A = ¢g§Q1Qs. It will be interesting to

perform the sub-leading corrections to this S-matrix for the AdSs x S3 case following [2F],
since these depend on small fluctuations around the giant magnon background. Here the
fact that we are in the AdSs3 x S3 x T* background will play a role. The sub-leading
corrections to this S-matrix and the use of the extended symmetries we have found in this
work might help to determine the complete S-matrix.

Finally, we have studied the extended supersymmetry of the giant magnons following
the approach of [[[0]. It will be interesting to study this issue using the more direct world
sheet approach of [2§].
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A. Embedding (1,0) 6d supergravity in IIB supergravity

In this section we embed the solutions of (1,0) 6d supergravity found in [[[3] in type IIB
supergravity. The strategy we follow is to rewrite the type IIB supersymmetry variations
in terms of supersymmetry variations of (1,0) 6d supergravity given in [[[3J]. This allows
us to easily solve for the Killing spinors for AdSs x S3 in the LLM coordinates. We first
choose the following convention of 10d gamma matrices.

M = i ®e®1® ds, (A1)
M=ilRe®RERE,
P =il®led ®é
M =iloled®é,
IM"=il®o ®E® 1,
MP=il®oeil,
M=ileel®d.

Here ~* with u = 0,1,2,3 are 4 x 4 gamma matrices in the Majorana representation, we
write them down explictly below.

A = —ioy ® 1, Yr=ol®1, (A.2)

’y2za?’®al, 73203@)03.

In (A]) € refers to the following 2 x 2 matrix

e:<(1)_01>. (A3)

The 7 in (JA.1]) is used to keep track of which 2-component spinor the 2 x 2 matrices act.
Thus we have the following anti-commutation relations

{TM DN} =MV g ) = (A.4)

Note that all the 10 gamma matrices are purely imaginary. We now examine the super-
symmetry variations (4.29) with this gamma matrix conventions. Substituting the anstaz
in ({.20) in the supersymmetry variations and setting the dilatino variation to zero gives

FyunpTMNPe =, expanding this out we obtain
3! 7
MNP
FMNPLyp = 5 (T Lo 4+ Ty D) (A.5)
= 3 [_%e%(HJ’_G)’YMVFLLFMVG_(HJ’_G) — %e%(H_G)fYMVFSFuVe_(H_G) ,
3
= _5 [’YMVPALFMV - Z"YMV’YSFMVFE)] e_%(H+G)7
3

= ST (14 TOTTITAr?) o2 (0,
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In the above manipulations we have used the fact that the 3-form field strength is self-dual
in 6-dimensions and

VP =ilTI2T?, PP, = =201, (A.6)
Thus to set the dilatino variation to zero we need the following condition on the 6d chirality
condition on the spinor
LOTIr2eririe = —e. (A.7)
Since the spinor € is a 10 Weyl spinor we also have the following condition
T8 = —e. (A.8)

We now look at the gravitino variation in the 4 directions and obtain

13
§1py = Vye+ 482’ypanUe_§(H+G)I’4 (1+ T T2I30*T%) T e, (A.9)

1
= Vye+ 16%0Fﬂ“e 2(HHG)P, T e,

LH+G)

j— loa ~ Ak
= Ve — =7 Fe 2 VuEo1€E".

16
Note that the coefficients occurring in this equation are real due to our convention of the 10d
gamma matrices. Let us now look at the remaining components of the gravitino variation

1
5¢¢ = V¢€ - 1—6’7p0FpU€*, (AlO)
1
= Op€ — —8 (H + G) F4Fu€ — o PO

16

Similarly the last component of the gravitino variation becomes

oy = Vge— 1167p0F’”F4F5e Ger, (A.11)
= D¢ — 18 W(H — G)e" T Tl e — 116’ypanUe_GI’4F5e*.
Let us define the following linear combinations
0Qp = by — eGF5F46¢q;, (A.12)

0QG = 0ipg + e“TsTud1);.
we obtain the equations
1 _
0y = —§8MHP4PM6 + 6_#8(1)6 — 6_¥F5F48¢;6, (A13)
1 — 1
0Qa = —gauGl“AI“ + 6_#8(1)6 + €_¥F5F4a¢;6 8’ypUFpU €.

We now use the chirality condition ([A.7) and the representation of the 10d gamma
matrices in ([A.1)) to write the above equations as

1 _
6 = 50, HY"201e + e 0pe —ie” 3 A e, (A.14)

1 1
60 = iaqu”écware_%%GJrie 2%y P0ze — g%aFW ’
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Note that the coefficients of the above equations are also real, therefore we take the
real parts of the equations in (JA.10) and (JA.14). This removes the complex conjugate
operation on the spinor. We then consider the following spinor

€:6R+i(1®é®dl)6R. (A15)

Here the subscripts stand for the real part of the spinor ¢, note that the 1 refers to the
8 x 8 identity matrix. The above form of € is in fact a reality condition on €, note that
the reality condition does not involve the 4-d spinor. Thus the 4-d spinor is in general
complex. The reality condition explicitly is given by

E+&=i(1®eéxRa)(e—¢€). (A.16)
The 6 dimensional chirality condition in (A7) on € reduces to the following
rorir2eririe = —&, (A.17)
while the chirality condition on the 7% ([A.§) directions remains
T 8% = —e. (A.18)

We now write down the susy variation equation for € from the equations ([A.1() and ((A.14),
we get the following equations

i
16

- 1 _

6 = —i50, Hy"e + e 0,E —ie T A 08,

Sy = V€ + — 7o FP78, (A.19)

H+G

~ 1 1
506 = —i§8MG7“€+e_HT+G8¢€+ie_ 7058 — N PP

We now can take the Kaluza-Klein anstaz for the spinor €

é0,6.6) = exp | 00+ 1) (0 (A.20)

Substituting this ansatz in the equations (JA.19) we obtain
)

16
100 = O, HA"e + e~ e — ie= 15040z,

51% = Vi€ + —7poe F77,€, (A.21)

H+G H+G

~ i
i6QG = 0,Gy'é+e 2 ni+ieT 2 ARE— Z%UFP“E.
The above supersymmetry variations are identical to that obtained in [[J] for the case
of (1,0) 6d supergravity. Therefore we can use the methods discussed in [[J] to find

the Killing spinors. These equations determine the 4 dimensional component of the
10 dimensonal Killing spinor. The remaining components are determined by the the

conditions (A.16), (A.17) and (A.19).
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A.1 Killing spinors in LLM coordinates

We will now find the Killing spinors for AdSs x S in LLM coordinates. In these coordinates
the solution is given by [[LJ]

ds3 = —h*(dt + Vida®)? + h*(dy® + 0i;da'dy?) + y(eCdQ3 + e 9dQ3),  (A.22)
Floy = =2 [d (ye) A (dt + V) + h*e% x5 d (ye™@)] . (A.23)

where

1
h™% = 2y cosh G, z = —tanh G, av = > *3 dz. (A.24)

N =

and z satisfies the following equations

<8i2 + y8y§8y> z =0, (A.25)

(1— 422)2'

0;20;2 + Oyz0yz = 17

Let us first obtain the 4 dimensional part of the Killing spinor, we will then use the
conditions ([A-1q), (A.17) and (A.1§) to obtain the full 10 dimensional Killing spinor.
There are two choices for the Killing spinor of the above solution: n = 1,7 = —1, or n =

—1,7 = +1 [1J]. We now solve for the Killing spinor which has the condition n = 1,7 = —1.
Substituting the solution given in ([A.29) into the the Killing spinor equation 6Q = 0 of

(A.21)) we obtain
(\/1 + 2693 1 inPel 4 1) £=0. (A.26)

Note that the above operator is a projector. To solve for the Killing spinor we first choose

the following ansatz
€ = exp(idy°v3)éy, Ve = —&. (A.27)

Substituting the above ansatz in the Killing spinor equation given in (|A.26) we obtain

( 14 e2G3 4 iydel + 1) (cosh(5 + ¢sinh (57573) € =0. (A.28)

Expanding the above equation and equating the real and imaginary parts we obtain the
following

1 2G _ 1 G
tanhd = L, tanhd = ——— (A.29)

e V1I+eX 1
From these equations we obtain that
sinh 20 = exp G. (A.30)

We now fix the normalization of the spinor €;: Consider the following spinor bilinears

e L=y

al

KF = . (A.31)

— 23 —



Let € = aéy where 6360 = 1. In the coordinate system of the metric in (JA.29) we have
Kt =1, L, =1, therefore we have the conditions

K'=h&y’e=1, L, =héy*yoe=—1. (A.32)
We impose this normalization by first requiring the projector
Yoy P E = ¢ (A.33)
Now from the construction of € in ([A.27) we see that the above condition implies that
707’6 = —é1. (A.34)

To fix the normalization constant « we evaluate the following scalar constructed out of
spinor bilinears
fo = ice. (A.35)

Substituting the form of the Killing spinor we obtain

fa = i€y exp(—idy’y5)7" exp(ivsy?)en, (A.36)
= o?sinh 26 = o? exp(QG).

From [[J] we have fo = exp[(H + G)/2], therefore we obtain the value of the normalization

constant «a as Hoa
a = exp < ; ) . (A.37)

Similar manipulations show that this normalization is consistent with K = 1 and L,=1
in these cases one obtains the equation

hcosh(28)a? = 1. (A.38)

The above equation can be easily shown to be true using the solution in (JA.22). As part of
the consistency requirement it can be shown using simple gamma matrix manipulations that
the other components of the vectors K* and L, vanish. Thus the Killing spinor is given by

H-G
€ = exp (T) exp(i6v573)éo, (A.39)
Y €0 = —¢€o, Y07°&0 = —&o,
or more explicitly the four component spinor is given by

H-G

€4 = e_%(¢_$)e(7)(cosh § — iy sinh §)&, (A.40)
0
1

Sl
[N}
~

— 24 —



It can be verified that the spinor in ([A.4(]) also satisfies the first equation in ([A.21]). Note
that there is a degree of freedom in choosing €y which corresponds to rotations in the
(1,2)-plane. The constraints determining €, commutes with the rotation matrix ~;y2,
therfore we can also consider the following

€0 — exp(x7172)€o- (A.41)

In (A-40) we have reinstated the dependence on the coordinates ¢, ¢ and set the arbitrary
constant phase in €y to be zero. Performing the same analysis with n = —1,7 = 1 we
obtain the following four component Killing spinor

&, = 309 e(*59) (cosh § — i7° sinh §)é), (A.42)
1

L 1o

€ — ﬁ 0

i
Note that for this case compared to the case with n = 1,77 = —1 we have § — —¢§ and
Ve = € and Yy e, = —ep, since L, is now normalized to 1. There is again degree of
freedom which corresponds to rotations in the (1,2) plane given by

& — exp(x71172)€o- (A.43)

With these ingredients the full 10 dimensional 32 component Killing spinor which satisfies
the conditions (JA.14), (A.17) and ({A.1§) is given by

SO0

The 6 dimensional chirality condition (A.17) is satisfied due to the property & = i e,
Furthermore the rotation degree of freedom in the (1,2) plane (JA.41)) and (|A.43) has to
be such that both €, and €, has to be rotated by the same angle x.

Instead of working with the real part of the 10d spinor in (JA.14) we can also work with
the its imaginary part and construct the complex spinor € = e¢; +i€61€7. Then one obtains
the same set of equations as given in (A.21) with F' replaced by —F. Going through the
same procedure of solving for the complex spinor € we obtain the following Killing spinor

32410600

Note that the 4 component part of the full spinor for this case has is complex conjugate
compared the solution in ([A.44). This the because on replacing F' — —F in (A21), €}
and €, are solutions. The remaining components of the 32 dimensional spinor remains

(A.45)

the same since the construction of € for this situation is same as the situation when one
works only with the real part of e. It is easy to verify that the spinor in ([A.4H) satisfies all
the conditions given in (A.16), (A.17) and (A.1§). Thus we have constructed two Killing
spinors (A.44)) and ([A.45) for AdS3 x S3 x T
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B. Gauge transformation

We now proceed to obtain the relevant gauge transformation parameter for the Neveu-
Schwarz B-field appearing in the right hand side of the supersymmetry algebra. The
relevant parameter is given in equation (2.34) of R3] which is given by

AL = ALEP = 20(V2al 65 + V2 T e), (B.1)

where €1,€e5 are any two Killing spinors and AL = Ai* and A}m = Ai“;. The Neveu-
Schwarz and the Ramond-Ramond 2-form are the real and imaginary components of Aj .
Here we have converted the gamma matrices used in [RJ to our convention by setting
(Tar)schwarz = TmT11. V¥ are related to the axion dilaton background. For constant
dilaton backgrounds® one has

VI=VZ  and V}=VZ (B.2)

which are all constants. We now substitute the two Killing spinor solutions (JA.44)
and ([A.45) into the expression for the gauge transformation (B.T). For these solutions
the 32-component 10 dimension Killing spinor € is related to € by

]

(€+ &), =< (€+e&). (B.3)

€1 = B

DO =

Since €1 is purely real and e is purely imaginary, the spinor bilinear &1',€; is purely
imaginary. From (B.]) and the conditions (B.9) it is easy to see that the contribution to the
real part of the gauge transformation parameter Afj from the spinor bilinear is proportional
to 1€1I' €2 while the contribution to the imaginary part is given by €I',e2. Thus the gauge
transformation parameter relevant for the Neveu-Schwarz B-field is given by i€, e2.

We now evaluate the spinor bilinear relevant for the gauge transformation parameter
and show that it is a constant. We have

i(€1T,e2) = Re (€:f707u€4 + €2T707H€ﬁl) . (B.4)

Here we have used (B.J) and substituted the solutions for ¢ and ¢ given in ([A.44)
and (A45). Let us first evaluate Re(éfvov,é1) at say ¢ = 0,¢ = 0.7 Using the the
expression given in (|A.4() we find:

~T ~ ~T ~
€17070€a = €17073€4 = 0,
~T ~ i~T ~
€4707i€4 = €;€4707;€4,

- H—
= e} exp < 5 G> & v07;(cosh 26 + i sinh 267°7%) 6. (B.5)

But using the solution in (A.40) one can show that &l yp;7°y3€ = 0. We also have

&vovié0 = 1, & Vo560 = 0. (B.6)

5The near horizon-geometry of the D1-D5 system has a constant dilaton background.
"The giant magnon is located at a definite point along these directions.
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Therefore

H-G
Re(€4T7071€4) = exp (T) cosh26 = h71,

Re(€17073€1) = 0. (B.7)
We then have

Re(é17071€1) = erRe(é[v071€1),

=hxht=1.
Re(€] 1072€1) = egRe(gaT’Yo’Yo’YgQ),
= 0. (B.8)
A similar calculation yields
Re(@'omé) =1, Re(é)1072¢)) = 0. (B.9)

All the remaining components of the above bilinear vanish. Combining (B.§) and (B.9) the
relevant gauge parameter is given by

— iRe(ef yom1€2) = 1, —iRe(ef Yoy2€2) = 0. (B.10)

But since we have the freedom of rotation of the solution in the (1,2) given by (A.41)
and (A:4J) we can rotate the above gauge parameter to point along any direction in the
(1,2) plane. We refer to the gauge parameter as w, and the non-vanishing components
are given by

w1 = Cos X, wo = sin x. (B.11)

where x is a constant.
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